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Abstract 

Huang (2018) decomposes the differences in quantile portfolio returns using distribution regression. The main issue of 

using distribution regression is that the decomposition results are path dependent. In this paper, we are able to obtain 

path independent decomposition results by combining the Oaxaca-Blinder decomposition and the recentered influence 

function regression method. We show that aggregate composition effects are all positive across quantiles and the market 

factor is the most significant factor which has detailed composition effect monotonically decreasing with quantiles. The 

main decomposition results are consistent with Huang (2018) 
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I. Introduction 

To the best of our knowledge, Huang (2018) is the first one to decompose the differences between two portfolio returns 

into Fama and French (2015) five factors.Huang (2018) shows that the market factor contributes the most to the 

quantiledifferencesin theportfolio returns between North America and Europe by combining the Oaxaca-Blinder 

decomposition and distribution regression. As Huang (2018)points out their results about quantile differences suffer the 

path dependent problem. The main disadvantage of using distribution regression to decompose the quantile differences 

is that the results are path dependent, that is, the order of decomposition affects the estimates of the detailed 

components. Thus, a more attractive approach should be able to decompose the quantile differences and be path 

independent as well. In this paper, we apply the recentered influence function (RIF) regressions method, which is able to 

obtain path independent estimates of the detailed components for the quantile differences.1RIF regression is developed 

by Firpo, Fortin and Lemieux (2009) (see two interesting applications, Borah and Basu(2013) and Maclean, Webber, and 

Marti (2014)). 2Combining RIF regression with traditional Oaxaca-Blinder decomposition (Oaxaca 1973 and Blinder 

1973), we do the detailed decomposition for the differences in quantile portfolio returns and obtain path independent 

results. 

 

For the purpose of comparing the results, we use the same data as Huang (2018). We will briefly describe the data in 

Section 4.We show that aggregate composition effects across all quantiles are positive and the market factor is the most 

                                                             
1As stated in Fortin, Lemieux, and Firpo (2011), RIF regressions and the distribution regression approach of Chernozhukov, Fernández-

Val, and Melly (2013) are closely connected, both of which are estimated for explaining the determinants of the proportion of outcome 

variable less than a certain value. The main difference is that distribution regression inverts globally the estimates of models for 

proportions into quantiles but RIF regressions locally invert the proportions estimates into quantiles. Thus, although decomposition 

results from RIF regressions are path independent, the limitation is that we do not know how good the approximation is in the locally 

invertion of proportion into quantiles. 
2RIF is also named as unconditional quantile regression when the recentered function is for quantile. Thus, in this paper we 

interchangeably use RIF and unconditional quantile regression. 
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significant factor.These results are consistent with Huang (2018). The detailed composition effects linked to the market 

factor are monotonically decreasing with quantiles. 

 

We organize the rest of the paper as follows. Section 2 provides a brief literature review, especially focusing on the 

Fama and French's five-factor model. Decomposition using the RIF-regression method is presented in Section 3. Section 

4 describes the data briefly. Section 5 presents the decomposition results. We conclude in Section 6. 

 

II. Five-factor Model 

There is much evidence that average stock returns are related to the market returns (Sharpe1964, Lintner 1965, Breeden 

1979), size, value3, (Banz 1981, Basu 1983, Rosenberg, Reid and Lanstein 1985), profitability (Novy-Marx 2013)and 

investment (Aharoni, Grundy, and Zeng2013).4Motivated by the evidence of Novy-Marx (2013) and Titman, Wei, and 

Xie(2004) and the dividend discount model, Fama and French (2015) establish the five-factor model by adding 

profitability and investment factors into the Fama and French (1993) three-factor model. Using international data, Fama 

and French (2017) show the empirical robustness of regional five-factor model in explaining the monthly excess portfolio 

returns, especially in North America and Europe capital markets. Fama and French's five-factor model is as follows, 

 

𝑅𝑖𝑡 = 𝑎𝑖 + 𝑏𝑖𝑀𝐾𝑇𝑡 + 𝑠𝑖𝑆𝑀𝐵𝑡 + 𝑖𝐻𝑀𝐿𝑡 + 𝑟𝑖𝑅𝑀𝑊𝑡 + 𝑐𝑖𝐶𝑀𝐴𝑡 + 𝑒𝑖𝑡    (2.1) 

 

In this equation,  𝑅𝑖𝑡 is the return in excess of riskfree rate on portfolio ifor period t.5𝑀𝐾𝑇𝑡 is the excess return on the 

value-weighted market portfolio, 𝑆𝑀𝐵𝑡(Size factor) is the return on a diversified portfolio of small stocks minus the 

return on a diversified portfolio of big stocks, 𝐻𝑀𝐿𝑡(value factor) is the difference between the returns of high and low 

B/M stocks, 𝑅𝑀𝑊𝑡  (profitability factor) is the difference between the returns on diversified portfolios of stocks with 

robust and weak profitability, and 𝐶𝑀𝐴𝑡 (investment factor) is the difference between the returns on diversified 

portfolios of the stocks of low and high (conservative and aggressive) investment firms.6 

III. RIF-regression Method 

A RIF-regression is basically a standard regression with which the dependent variable is replaced by the recentered 

influence function of the statistic of interest. RIF-regression is quite related to distribution regression (Foresi and 

Peracchi 1995 and Chernozhukov, Fernández-Val,and Melly 2013) as we show below.7 In this paper, we are interested in 

the recenteredinfluence function for quantiles. The recentered influence function for quantiles can be obtained by 

recentering the influence function.The influence function corresponding to the 𝜏thquantile of a variable, Y, is given 

by(𝜏 − 1 𝑌 ≤ 𝑄𝜏 )/𝑓𝑌(𝑄𝜏), where 1 𝑌 ≤ 𝑄𝜏  is an indicator function which is equal to 1 if Y is less or equal to 𝜏thquantile 

of the unconditional distribution of Y (𝑄𝜏) otherwise zero. 𝑓𝑌 𝑄𝜏 is the density of the marginal distribution of Y.Then, 

the recentered influence function for 𝜏thquantile can be written as 

 

𝑅𝐼𝐹 𝑦, 𝑄𝜏 = 𝑄𝜏 + 
𝜏 − 1 𝑦 ≤ 𝑄𝜏 

𝑓𝑌(𝑄𝜏)
= 𝑐1,𝜏 ∙ 1 𝑦 ≤ 𝑄𝜏 + 𝑐2,𝜏      (3.1) 

 

where𝑐1,𝜏 = −1/𝑓𝑌(𝑄𝜏) and 𝑐2,𝜏 = 𝑄𝜏 +  𝜏/𝑓𝑌(𝑄𝜏). Except the constants 𝑐1,𝜏  and 𝑐2,𝜏, we can see that RIF is just an 

indicator variable 1 𝑦 ≤ 𝑄𝜏 , which makes the RIF-regression very similar to the distribution regression.To estimate RIF, 

we first compute the sample quantile 𝑄𝜏
 and estimate the density at𝑄𝜏

  using kernel methods. Then, by plugging in the 

estimates of the sample quantile 𝑄𝜏
 and the density at 𝑄𝜏

 into the equation 3.1, an estimate of the RIF of each observation 

is obtained. 

 

In the paper,𝑌𝑖𝑡  is the excess portfolio return on portfolio i in period t, 𝑌𝑖𝑡 = 𝑅𝑖𝑡 . We can estimate𝑅𝐼𝐹 
𝑖𝑡(𝑌𝑖𝑡 ,𝑄𝜏) by 

using𝑅𝐼𝐹 
𝑖𝑡(𝑌𝑖𝑡 ,𝑄𝜏)=𝑄 𝜏 + 

𝜏−1 𝑌𝑖𝑡 ≤𝑄 𝜏 

𝑓 𝑌(𝑄 𝜏)
. We then regress 𝑅𝐼𝐹 

𝑖𝑡 𝑌𝑖𝑡 ,𝑄𝜏 on five factors as follows 

 

                                                             
3Size is measured by market capitalization, price times shares outstanding. Value is book-to-market equity ratio, B/M. 
4See also Breeden, Gibbons, and Litzenberger(1989), Reinganum(1981), Haugen and Baker (1996), Cohen, Gompers,  

and Vuolteenaho(2002), Fairfield, Whisenant, and Yohn(2003), Titman, Wei, and Xie(2004),Fama and French (2006, 2008, 2016), Hou, 

Xue, and Zhang (2015). 
5For monthly data, the riskfree rate is one-month Treasury bill rate. 
6The details of the constructions of the portfolios and factors could be found in Fama and French (1993, 2015, 2017). 
7A distribution regression is simply a linear regression of1{𝑦 ≤ 𝑄𝜏} on X when the linear probability model is used as the link function. 
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𝑅𝐼𝐹 
𝑖𝑡 𝑌𝑖𝑡 ,𝑄𝜏 = 𝑎𝑖 + 𝑏𝑖𝑀𝐾𝑇𝑡 + 𝑠𝑖𝑆𝑀𝐵𝑡 + 𝑖𝐻𝑀𝐿𝑡 + 𝑟𝑖𝑅𝑀𝑊𝑡 + 𝑐𝑖𝐶𝑀𝐴𝑡 + 𝑒𝑖𝑡   (3.2) 

We simplify the model above by dropping the time and portfolio subscription and using g indicating North America or 

Europe. It follows 

 

𝑅𝐼𝐹 
𝑔 = 𝛼𝑔 + 𝑋𝑔

′ 𝛽𝑔 + 𝜖𝑔   (3.3) 

 

Then the RIF-regression version of the Oaxaca-Blinder decomposition for 𝜏th quantile follows 

 

∆ 𝑂
𝜏 = 𝑅𝐼𝐹     

𝑎 − 𝑅𝐼𝐹     
𝑢  

=(𝑅𝐼𝐹     
𝑎 − 𝑅𝐼𝐹     

𝑎
𝑐) + (𝑅𝐼𝐹     

𝑎
𝑐 − 𝑅𝐼𝐹     

𝑢) 

=[(𝛼 𝑎 + 𝑋 𝑎
′ 𝛽 𝑎) − (𝛼 𝑎 + 𝑋 𝑢

′ 𝛽 𝑎)] + [(𝛼 𝑎 + 𝑋 𝑢
′ 𝛽 𝑎) − (𝛼 𝑢 + 𝑋 𝑢

′ 𝛽 𝑢)]            (3.4) 

=∆ 𝐶
𝜏 + ∆ 𝑆

𝜏  

=[(𝑋 𝑎1
′ − 𝑋 𝑢1

′ ) 𝛽 𝑎1 + ⋯ + (𝑋 𝑎5
′ − 𝑋 𝑢5

′ ) 𝛽 𝑎5] + [(𝛼 𝑎 − 𝛼 𝑢) + 𝑋 𝑢1
′ (𝛽 𝑎1 − 𝛽 𝑢1) + ⋯ + 𝑋 𝑢5

′ (𝛽 𝑎5 − 𝛽 𝑢5)] 

=(∆ 𝐶
1 + ⋯ + ∆ 𝐶

5 ) + (∆ 𝑆
𝛼 + ∆ 𝑆

1 + ⋯ + ∆ 𝑆
5) 

 

where 𝑅𝐼𝐹     
𝑎and 𝑅𝐼𝐹     

𝑢  are the estimated mean 𝑅𝐼𝐹  of North America and Europe respectively. 𝑅𝐼𝐹     
𝑎
𝑐  is equal to (𝛼 𝑎 +

𝑋 𝑢
′ 𝛽 𝑎 ), which is 𝑅𝐼𝐹     

𝑎  except with 𝑋 𝑎
′  replaced by 𝑋 𝑢

′ .∆ 𝐶
𝜏  and ∆ 𝑆

𝜏are the estimates of aggregate composition and structure 

effects, equal to [(𝛼 𝑎 + 𝑋 𝑎
′ 𝛽 𝑎 ) − (𝛼 𝑎 + 𝑋 𝑢

′ 𝛽 𝑎)] and   𝛼 𝑎 + 𝑋 𝑢
′ 𝛽 𝑎 −  𝛼 𝑢 + 𝑋 𝑢

′ 𝛽 𝑢  , respectively. The unexplained 

component, which is linked to the constant term, is estimated by (𝛼 𝑎 − 𝛼 𝑢).The detailed composition and structure 

effects can be computed directly. For instance, the composition and structure components linked to the Market factor, ∆ 𝐶
1  

and ∆ 𝑆
1, areobtained by (𝑋 𝑎1

′ − 𝑋 𝑢1
′ ) 𝛽 𝑎1 and 𝑋 𝑢1

′ (𝛽 𝑎1 − 𝛽 𝑢1), respectively.The same applies to the components linked to 

other factors. Although the results from RIF-regression are path independent, they could be different while using 

another group as reference. For this reason, we substitute 𝑅𝐼𝐹     
𝑎
𝑐  with𝑅𝐼𝐹     

𝑢
𝑐 = 𝛼 𝑢 + 𝑋 𝑎

′ 𝛽 𝑢  as robustness checks. That is, we 

show the main results using NA as reference group and the robustness results using Europe as reference group. 

IV. Data 

In the paper, North America (NA) includes United States and Canada, and Europe contains Austria, Belgium, Denmark, 

Finland, France, Germany, Greece, Ireland, Italy, the Netherlands, Norway, Portugal, Spain, Sweden, Switzerland, and 

the United Kingdom. To compare our results with Huang (2018), we choose the five factors based on 2𝑋3 sorts and 75 

Size-B/M, Size-OP, and Size-Inv portfolios of North America and Europe respectively. The dataset is fromFama and 

French (2017), which can be downloaded from Kenneth R. French's personal website. The dataset includes the five factor 

returns and the monthly excess returns on the 5𝑋5 Size-B/M, Size-OP, and Size-Inv portfolios of North America and 

Europe, ranging from July 1990 to November 2017 (329 months).  

We briefly describe as follows how the 75 portfolios of NA and Europe are constructed. At the end of June each 

year, stocks are allocated to five Size groups (Small to Big) using as breakpoints the 3rd, 7th, 13th, and 25th percentiles of 

the region’s aggregate market capitalization. Stocks are allocated independently to five B/M groups (Low B/M to High 

B/M) by the quintile of B/M for the big stocks of the region. The intersections of the two sorts produce 25 Size-B/M 

portfolios. The 25 Size-Inv or Size-OP portfolios are constructed in the same way as in the Size-B/M portfolios except the 

second sort is on either profitability (robust minus weak) or investment (conservative minus aggressive).More details 

can be found in Fama and French (2017).  

We report the summary statistics for the five factors and 75 portfolios studied in Table 1 and 2, respectively. We do 

not describe the statistics in detail. We summarize that the differences in the factor distributions and the correlations 

between factors make the decomposition interesting. The summary statistics in detail can be found in Huang (2018). 
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V. Decomposition results 

We first run unconditional quantile regression for each portfolio in North America and Europe then decompose the 

estimated quantile differences for each corresponding portfolio. Lastly, we average the results over all the portfolios. In 

sum, although not statistically significant due to the big standard errors, the decomposition results are economically 

significant. To show clearly the economic significance, we choose to not report the confidence intervals in the main text.8 

 

Figure 1 shows the aggregate decomposition results. We obverse that the average overall differences across quantiles 

plummet in the lower quantiles and then climb from 20th through 70th quantiles and then decrease slowly after.For all 

quantiles, the composition effects are positive. This means that the differences in the distribution of factors between 

North America and Europe contribute positively to the quantile portfolio returns differences. More specifically, the 

aggregate composition effects increase in the lower quantiles while the overall difference decreases. The composition 

effects start to decrease slowly after reaching the maximum at about 25th quantile.  

 

 
 

Also, the aggregate structure effects follow the pattern of the overall differences and play a significant role in explaining 

the differences in portfolio returns. The results seem to be inconsistent with Huang (2018) which says that the 

composition effects explain the most part of the differences and the structure effects play an insignificant role in 

aggregate. However, the detailed decomposition results below show that the structure effects linked to five factors 

together do not seem to playasignificant role. The seemingly significant aggregate structure effects are mostly 

contributed by the constant term. 

 

Figure 2 shows the detailed composition effects across quantiles.We observe obviously that the most of aggregate 

composition effects are contributed by the composition effect related to the market factor. The composition effect linked 

to market factor monotonically decreases with quantiles. This result could have important implications to investments 

and risk management and are worth further research. The left middle panel shows that the value factor contributes 

significantly to the composition effects in the lower quantiles. The distribution difference in other factors between North 

                                                             
8The results with 95% confidence intervals are offered upon request. 
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America and Europe do not seem to have economically significant effects on the overall quantile returns differences. 

 

Figure 3 shows the detailed structure effects across quantiles. We observe that the very high and positive aggregate 

structure effects in the low quantiles are mostly explained by the differences in the constant terms. Also, except in the 

low quantiles the detailed structure effects do not seem to be economically significant. 
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5.1 Robustness 

 

Although the decomposition results using RIF-regression are path independent, these results can be different by 

switching the reference group. In the main results shown above, we use NA as reference group. Here we show the 

results by using Europe as reference group. The results are shown in Figure 4-6.The aggregate and detailed 

decomposition effects using NA and Europe as reference groups across quantiles are similar except in the low 

quantiles.9That is, the decomposition results using RIF-regression are robust to switching the reference group. 

 

                                                             
9Figures plot the differences between two results are not shown in the main text and are offered upon request.  
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VI. Conclusion 

The paper applies unconditional quantile regression to decompose the quantile difference in the portfolio returns 

between North America and Europe. The decomposition results are path dependent, which is complementary to the 

path dependent results from distribution regression in Huang (2018). We show that the composition effects are all 

positive across all quantiles.This is inconsistent with Huang (2018).Although the aggregate structure effects are 

economically significant, they are mostly contributed by the differences in the constant terms.That is, the differences in 

the factor risks together do not seem to play a significant role in explaining the quantile differences in portfolio returns. 

The composition effect linked to the market factor is economically large and contributes most to the overall 

different.These are consistent with Huang (2018).Also except in the low quantiles, the effects linked to the other factors 

do not seem to play a significant role in explaining the differences. 
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